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Abstract 

Adiabatic vacua are known to be Hadamard states. We show, 
however that the energy-momentum tensor of a linear Klein-Gordon 
field on Robertson-Walker spaces developes a generic singularity on 
the initial hypersurface if the adiabatic vacuum is of order less than 
four. Therefore, adiabatic vacua are physically reasonable only if their 
order is at least four. 

A certain non-local large momentum expansion of the mode func¬ 
tions has recently been suggested to yield the subtraction terms needed 
to remove the ultraviolet divergences in the energy-momentum tensor. 
We find that this scheme fails to reproduce the trace anomaly and 
therefore is not equivalent to adiabatic regularisation. 
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1 Introduction 

The semiclassical theory of quantised helds propagating on a curved (globally 
hyperbolic) spacetime does not provide a principle of how to choose a vacuum 
state. In the absence of isometries the vacuum state cannot be associated 
with such symmetries of the underlying spacetime. Instead, physically rea¬ 
sonable states (of linear helds) are required to be Hadamard states, i.e. the 
corresponding two-point functions have to possess the Hadamard singularity 
structure in order to allow for standard renormalisation ii- 

The proper choice of an initial state is not only essential for a consistent 
formulation of quantum held theory on curved spacetimes. In the context 
of concrete applications the dependence of the physical ehects on the initial 
state becomes an equally signihcant aspect. This question arises, for example, 
in inhationary cosmology where particle creation and back reaction due to 
quantum helds play an important role. The interest in the consideration 
of these ehects has recently been intensihed in connection with the theory 
of reheating after inhation [Q (a discussion of Hadamard states in this case 
is appropriate because the quantum huctuations satisfy linear equations of 
motion in the mean held approximation Q]). 

The concept of adiabatic vacua was introduced by Parker in order to 
account for particle creation in an expanding universe p. The physical 
motivation behind the adiabatic particle picture is that it most closely re¬ 
sembles the particle concept of a static universe during an expansion. The 
notion of adiabatic vacuum states was put on a solid mathematical basis 
by Roberts and Liiders who also suggested that adiabatic vacua and 
Hadamard states dehne the same class of physical states on the cosmologi- 
cally relevant Robertson-Walker spaces. Indeed, both concepts are intimately 
related. Najmi and Ottewill [0 derived the leading asymptotic momentum 
behaviour of a second order adiabatic vacuum as a necessary condition for 
Hadamard states on a quasi-euclidean space (k = 0). Using Fourier analy¬ 
sis they compared the symmetric two-point function and its hrst derivative 
with the Hadamard series on the initial hypersurface. A related analysis can 
be found in p. Recently, Junker has succeeded in showing that in fact all 
adiabatic vacua are Hadamard states P]. His proof exploits methods of the 
theory of pseudodifferential operators and wavefront sets on manifolds. 

The expectation value of the energy-momentum tensor rather than the 
two-point function is the essential physical quantity to be considered because 
it determines the back reaction effect on the gravitational held via the semi¬ 
classical Einstein equations 


— ~87rG(T^i/). (1-1) 

The energy-momentum tensor involves second derivatives of the two-point 
function. However, the method of 0] could not be generalized to the case of 
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a second derivative. So when considering the energy-momentnm tensor one 
might expect to hnd fnrther constraints on the physically admissible states. 

It has recently been shown |]^ that the expectation valne of the energy- 
momentum tensor in a conformal-like initial state (see eq. (|3.5|) below) de- 
velopes an initial singularity, i.e. the limit rj ^ rjo does not exist [t] is the 
conformal time parameter). Since an initially singular energy-momentum- 
tensor does not satisfy Wald’s axioms |l| such states should not be considered 
physically reasonable. 

In the present paper we are concerned with the question whether adia¬ 
batic states of linear Klein-Gordon helds on Robert son-Walker spaces (with 
arbitrary spatial curvature) can lead to initial singularities as well. We show 
that the order of an adiabatic vacuum must not be less than four for the 
energy-momentum tensor to be hnite on the initial hypersurface. As a pri¬ 
mary new result we hnd that even though all adiabatic vacua are Hadamard 
states 0 they are physically admissable only if their order is four at least. 

In line with our result, the adiabatic particle picture developed in 


11 


shows that for adiabatic vacua of order four or higher the energy-momentum 
tensor splits naturally in a local part containing all the ultraviolet divergences 
and a hnite, non-local piece that can be viewed as being due to particle 
production. 

In the derivation of the condition on the adiabatic order we employ a non¬ 
local large momentum expansion of the conformal-like mode functions (see 
the appendix) that has similarity been used in |I0|, We show that the 


subtraction of the leading terms of this expansion as suggested in is not 
equivalent to adiabatic regularisation on Robertson-Walker spaces because 
it fails to reproduce the trace anomaly. Besides, our proof reveals that the 
construction of states suggested in ehectively determines a fourth order 
adiabatic vacuum. 

The paper is organized as follows. In section 2 we review the basic ele¬ 
ments of scalar held quantisation in Robert son-Walker spaces including adi¬ 
abatic regularisation as far as necessary and give the dehnition of adiabatic 
states following 0. In section 3 we show that the adiabatic order of the 
state must not be less than four to result in an initially well behaved energy- 
momentum tensor. We conclude the paper with a brief summary and a 
technical appendix. Our metric convention is = diag(l, —1, —1, —1) and 
we use units such that h = c = 1. 


2 Quantum fields on Robertson-Walker spaces 

The Robertson-Walker metric is given by 

= a^iji) \d7f‘ — hikdx^dx^] , ( 2 . 1 ) 

where hik denotes the metric of a 3-space of constant curvature k, = —1, 0, -|-1 
for an open, hat and closed universe, respectively. 
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The free scalar field satisfies the Klein-Gordon equation 

(D + + ^R) ^p{x) = 0. ( 2 . 2 ) 


The symmetry of the Robertson-Walker metric allows for separating variables 
in eq. (^^) and the scalar field can be decomposed as 




1 

a{r]) 


dfi{k) 




(2.3) 


where the creation and annihilation operators a\, obey the usual commu¬ 
tation relations. The ‘hfc(x) are the eigenfunctions of the Laplace-Beltrami 
operator on the 3-space of constant curvature 

A(3)<|.,(x) = -(fc2-«:)<|.fc(x) (2.4) 


and djji{k) is the measure on the corresponding set of quantum numbers (for 
details see [|^). The time-dependent part of the mode function satisfies the 
oscillatory equation 


fkM + ol(v)Mv) = 0 . 


(2.5) 


The frequency ^^(h) is given by 


^liv) = k'^ + — q{v) *= + M‘^{r]) ( 2 . 6 ) 


with ojI = k'^ + m?a^ and = 1/6 — A complete set of mode solutions 
to eq. (|2.5| ) is specified by imposing initial conditions fk{Vo)y fkiVo) on a 
Cauchy surface rj = rjo. This corresponds to the choice of a homogeneous 
vacuum state. 

We now give the definition of adiabatic vacua following p. Substituting 
the WKB ansatz 


fkiv) = 




exp 


—t 


dv'Wkiv') 


'Vo 


into (|2.5|) leads to the following equation for the frequency Wk- 


= kll 


wi' 3Wl 


Wk 


2 Wl^ 


This equation can be solved iteratively 

WN"" = 0,1 - - 


W, 


(TV)'' 


3 W 


(N) 


>2 


W, 


(N) 


2 iq")- 


(2.7) 


(2.8) 


(2.9) 


with wjf'^ = ujk in the sense that for a finite time interval and sufficiently 
large k the RHS of eq. (p.9|) is strictly positive. Then, can be continued 
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to all values of k in such a way that it is a smooth function of time. As each 
iteration picks up two time derivatives the A^th iterative solution is 

of adiabatic order 2N. Substituting back into (^A|) yields a so called 

approximate adiabatic mode 

An adiabatic vacuum state of iteration order N is determined by a com¬ 
plete set of mode solutions {fk) fk} eq. (PTB|) satisfying initial conditions 

fk{r]o) = f'kiVo) = , ( 2 . 10 ) 


i.e. an adiabatic mode coincides with an approximate mode on the 
initial Cauchy surface. With the particular form (|2.7|) of the approximate 
adiabatic modes these initial conditions read explicitly 


fkivo) = 


f'M = - I + 




According to this construction an adiabatic vacuum state depends on 


fkim) ■ 
( 2 . 11 ) 


"the initial time 


- the order of iteration N^ 

- the extrapolation of to small momenta k. 


In the following we simply write Wk instead of for the adiabatic fre¬ 

quency. 

Varying the action with respect to the metric yields the energy-momentum 


tensor. For a real scalar field with arbitrary curvature coupling one finds |15 


T, 


fll/ 


(1 - 2^)d^ipd^ip - 2^ipV^V^ip + ( 2 ^ - ^)g^^dP(fdp(f 
+2^gp^(pn(p - . (2.12) 


A mode sum representation of its (bare) expectation value is obtained by 
substituting the mode decomposition ( p.3|) into (|2.12|) . We choose the energy 
density and the trace as the two independent components. They take the 
following form 


iK) = £ 


{T^,} = T 


djjiik) 

27r^a^ 


dfi{k) 

27i^a^ 


3A^{h' + 2h^)\M^-3A^h{\M^y 

+ 2 1 
(6A^h' m^a^) \ fk\‘^ + 6A^h (|/fc|^)' 
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-6A5 {\ff-al\M^) 


(2.13) 


where the abbreviation h = a'/a has been introduced. The measure dfi{k) 
implies integration over continuous and summation over discrete momenta 



dkk'^ if K = 0, — 1 

T.kLik'^ if K = +l. 


(2.14) 


We note that the dependence on the quantum state enters the expectation 
values (|2.13|) via the initial conditions satihed by the modes fk- As we are 
concerned with adiabatic states the modes fk satisfy the initial conditions 

dug). 

The formal expressions (|2.13 ) are divergent and need to be renormalised. 
This task can be achieved by the method of adiabatic regularisation |]l5 - 
m- In this scheme the renormalised energy momentum tensor is obtained 
by subtracting from the mode integrals (p.l3|) their fourth order adiabatic 
expansion: 


(T ) (T ) - (T 


(2.15) 


This subtraction is to be interpreted as a renormalisation of the gravitational 
constant, the cosmological constant and the coupling constant of the squared 
curvature term in the classical gravitational action. As it was shown in 
even for closed spatial geometry (k = +1) the subtraction has to be 
performed with the continuum measure 



k^ 




^( 4 ) 


(2.16) 


in order to correctly reproduce the trace anomaly. The explicit form of 


the subtraction terms can be found, e.g., in Also, adiabatic 

regularisation has been shown to be equivalent to covariant point splitting 
and thus results in an energy-momentum tensor satisfying Wald’s 
axioms |^. 


3 Initial states and the energy-momentum 
tensor 

In this section we show that an adiabatic vacuum must be at least of order 
four for the expectation value of the energy-momentum tensor to be non¬ 
singular on the initial Cauchy surface. Before proceeding with the proof we 
wish to give an intuitive argument in order to illuminate the problem. 

Obviously, the subtraction procedure ( p.l5|) only makes sense if the ul¬ 
traviolet divergences of the bare expressions are cancelled by the divergent 
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terms of the adiabatic expansion, i.e. by all terms of up to As 

the subtraction terms are local this cancellation has to occur at each instant 
of time. In other words, the bare expressions need to possess an asymptotic 
expansion for large momenta that reproduces the divergent terms of the adi¬ 
abatic expansion uniformly with respect to time. This includes in particular 
the initial time where the bare expressions are directly given in terms of the 
initial conditions. The simple idea is now to compare the asymptotic ex¬ 
pansion of the bare expressions for large ujk with the divergent part of the 
adiabatic expansion at the initial time. 

With the adiabatic initial conditions p.ll|) the expectation value of the 


energy-momentum tensor (|2.13|) at the initial time r/o becomes: 


£(’?o) = 


T(m) = 


dfi{k) 1 
27r2an 4 


' dfi{k) 1 
27r^at 2 




Wko 
QAf (h' + 2hl) 


1 

Wo 


w> 


kO 


(bAfh'o + m^Oo) - 

VVI 


kO 


w, 


kO 


I W'M 


(3.1) 


where the subscript 0 indicates that the time argument of the respective 
quantity is set equal to the initial time rjo, i-e. Oq = a(7]o) etc.. The asymp¬ 
totic expansion of the adiabatic frequency Wk for large ujk can be inferred 
from eq. (p.9|) by induction in N 


Wk — ^k 


2uj 


Jf 


— (1 — <^Ar,o)-- V ~ ^N,0) 




+ ~ ^N,l) + 0{UJ ) 

OiO 


(3.2) 


Then, the divergent terms of ( |3.1| ) are readily found 
" dfj,{k) f Uko go 


^iVo) = 


Tim) = 


2TT‘^aQ 


2 4:U!k0 

3Af (h[, + 2hl) 








^ I I'l X ^ 

+ “ On,o) 




1 


201, 


kO 


^^kO 




uJko 


Mi 


g'i 


+ 3Ae^ (1 - 5^,o) + 3Ae + OiW) \ . (3.3) 

AlO AlO y 
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We observe that the structure of the divergences in the energy density coin¬ 
cides with that of the adiabatic expansion if iV > 0. For the trace, however 
this is only true if iV > 1 because the term proportional to (being of 
adiabatic order fonr) only appears in the second and subseqnent iterations 
in (p.9|) . So when snbtracting the adiabatic expansion |]T^,|^ in the cases 
= 0,1 one is effectively introdncing divergent terms that are not present 
at the initial moment and the momentnm integrals do not exist (at the initial 
time rjo). 

Even thongh this simple comparison shows the root of the problem it 
only proves the necessity of the condition N > 1 nnder the assnmption that 
the adiabatic expansion yields all the divergences present in the theory and 
therefore has to be snbtracted. In order to give a self-contained proof we have 
to show that iV > 1 is necessary for the bare expressions to possess uniform 
(with respect to a hnite time interval, containing the initial time) large mo¬ 
mentnm asymptotic behaviour that reproduces the divergent strncture of the 
adiabatic expansion. For this purpose we represent the adiabatic modes fk 
in terms of a different set of mode solutions gk, subject to the conformal-like 
initial conditions 

3kiVo) = , , dk(do) = -l^k(do)ffk(do) ■ (3.4) 

\/2^k(do) 

As both mode solutions correspond to a homogeneous state they are related 
by a diagonal Bogolinbov transformation 


/fc(h) = [cosh 0kgk(g) + 6*'^'= sinh 0kgk(d)] ■ (3-5) 

The identity cosh^ 6*^ — sinh^ ^k = 7 ensures that the normalisation constraint 
fkf*'k ~ /fc/fc = * is preserved. The Bogolinbov coefficients are determined 
by the initial conditions satished by the modes fk and Qk- Their particu¬ 
lar combinations appearing in the representation of the energy-momentnm 
tensor are: 


cosh 29 k = 

1 

2 

^kO 

Wko 

hlkO 

O o 

fnoV 


sinh26'fc cos(5fc = 

1 

^kO 

Wko 

Wko 

(no\ 


2 

Wko 

^kO 

^kO 



sinh 29k sin ^k = 

no 




(3.6) 


The energy-momentnm tensor (|2.13| ) can now be expressed in terms of the 
modes gk and the Bogolinbov coefficients. As the problem of the initial 
singularity is less severe in the energy density we will show the following 
calculation only for the trace: 

T = j + m^a^)[cosh2ek\gk?+ Arih2ek'St{e~''^’^gl)] 
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—6A^ cosh26*fc (Is'fcl^ — + sinh 26*^3? 

+6A^h [cosh29k{\gk\‘^y + sinh26*fc3fJ (gl)')] } . 


/2 

9k 


(3.7) 


The next step consists in finding the large momentnm behavionr of ( ^.Tp . For 
this pnrpose we make use of an asymptotic expansion of the mode solutions 
gk that has similarily been used in [M,0,|T3. The mode functions gk satisfy 


the oscillatory equation ( p.5|) . Adding on both sides yields 
9k ^ko9k = ~ ~ ^fco) 9k = —An gk . 


(3.8) 


The key point is that Afl^ is independent of k. Moreover, it vanishes at 
the initial time: Afl‘^{r]Q) = 0. The quantity n^Q is strictly positive for 


sufficiently large momentum k so that eq. (|3.8|) possesses the homogeneous 
solution Then, with the help of the ansatz 


9k{v) = —[1 + hiv)] 


(3,9) 


and using the initial conditions ( p.4|) the mode equation (|3.8|) can be trans¬ 
formed into the following integral equation 


hiv) = 


2n 


kO 


VO 


dg' (- 1) An‘^{g') [1 + hiv')] ■ 


(3.10) 


This equation can be solved by iteration starting with g^^ =0. As each 
iteration increases the power of by one the iterative solution yields an 
expansion of gk in inverse powers of klko on the finite time interval [go,g]- 
The details of this expansion as well as the result for gk are displayed in the 
appendix. 

It remains to derive the asymptotic expansion of the Bogoliubov parame¬ 


ters (|3.6|) for large flfco- For this purpose we solve eq. ( p.8|) iteratively starting 
with flfc instead of ujk- By induction in N {N is the number of iterations with 
respect to Vtk) we find: 


W, 


(N) 


= 


— 


(1 — '^JV,o) g^4 + 


2^^ 






(3.11) 


where the second line is obtained by means of = ui^ — q. The frequency 
yields all terms up to of a fourth order adiabatic frequency only if 


A > 0 as can be seen by comparing (|3.11|) with eq. 

With the help of relation ( |3.11| ) it is now straightforward to calculate the 
asymptotics of the Bogoliubov parameters 


cosh26'fc = l-hO(flfco)> 
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sinh20fccos4 = (1 - <^7v,o)^^ + ) > 

]Vf2' 

sinh26'fcsin4 = -^^ + 0(12"^). (3.12) 

Equipped with these expansions we hnally isolate the divergent terms in the 
trace of the energy-momentum tensor 


r(,,) = 




212 


A122\ ^ , M^' 

- 3A^h 


kO 






3Ae 




cos212fco(r? - ??o) + 0(12^(f) ^ . (3.13) 


The term proportional to cos 212^0(^7 — Vo) does not vanish for iV = 0. 
Since the integral f diJi{k)Qt^Q cos 212^0(^^ — '^o) diverges logarithmically in the 
limit ?7 —> it leads to an initial singularity. All other divergent terms 
are indeed local and coincide with the divergence structure of the adiabatic 
expansion because we have 


1 


1 


0{k ^) and —— 

^ ^kO 


A122 


1 

k 


M2 


+ 0{k-^). 


(3.14) 


We conclude then, that the large momentum behaviour of the divergent terms 
of the bare trace is uniform on the time interval [vo, v] only if A > 0. In 
other words, an adiabatic vacuum state must be at least of adiabatic order 
four for the renormalised energy-momentum tensor to be hnite on the initial 
Cauchy surface. Therefore, only adiabatic states of order four or higher are 
reasonable physical states. Some remarks are in order. 

As the term causing the initial singularity is proportional to A^ the prob¬ 
lem of the dependence on the order of the adiabatic vacuum only affects 
non-conformally coupled helds. 

Since the expansion in inverse powers of 12^0 reproduces the local diver¬ 
gences of the adiabatic expansion one could ask why not subtract the leading 
terms of this expansion instead of the adiabatic ones? The answer is that even 
though these subtractions are covariantly conserved they fail to reproduce the 
trace anomaly. To see this we rewrite the renormalised energy-momentum 
tensor ( p.l5|) according to 


{T^y)ren — {T^iu) ~ {T^u) div + {T^u) div ~ {Tfii) 


(4) 


(3.15) 


and calculate the hnite difference (with now A > 0) 

{U.Y'" = {UYm, - . 


(3.16) 
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where {Tfj^u)div denotes all divergent terms of the inverse flfco expansion (i.e. 




up to fifco 

>j^diff _ rj-^Anomaly _ 


The result can be represented as 
1 




m 


- m^A^R + 3(A0In 


ma 


M 


0 


—7 (—rOoo + 'li^A^Goo — 


3m^ mr , . , 

-Lai;V‘‘V,R - ^ [6At;h' + mV(l - 36Af)] 


K 

Ml 

2a4' 


+-(A0' [2(h' + h^)R + hR'] + ^{6A^h' + rn^c?) \ . (3.17) 


Here is the Einstein tensor, the dehnition of can be found, e.g., 

in |]T^. is the anomalous trace |jT^ 


^Anomaly ^ limlT^ren 


m^O 


((lim T/i‘))^en 


28807r2 


'm—>0 ^ 

1 


(3.18) 


R^’'R^.u - IR' + (30e - 6) V^^V^R + 90(AO'72' 


The energy density jg calculated likewise. The covariant conservation 
of has explicitly been checked. Besides the trace anomaly, 

contains the logarithmic terms which give rise to the so-called anomalous 
scaling as well as the renormalisation scale dependence 0. 

So we see, that even though {T^u)div is covariantly conserved and has 
the correct local singularity structure, its subtraction does not yield the cor¬ 
rect renormalised energy-momentum tensor as it cannot reproduce the trace 
anomaly. 


4 Conclusions 

Since all adiabatic vacua are Hadamard states 0, they are usually consid¬ 
ered physically admissible quantum states of linear Klein-Gordon helds on 
Robertson-Walker spaces. However, we hnd that the corresponding energy- 
momentum tensor developes a generic singularity on the initial Cauchy sur¬ 
face if the order of the adiabatic state is less than four. The divergent terms 
of the large momentum asymptotics of the energy-momentum tensor only 
coincide with those of the adiabatic expansion if the adiabatic vacuum is at 
least of order four. As a result, an adiabatic vacuum state only results in an 
energy momentum tensor satisfying Wald’s axioms and thus is a physically 
reasonable state if it is at least of order four. 


This result is supported by the adiabatic particle picture developed in |11 


There, this restricted class of adiabatic vacua is shown to lead to a natural 
physical interpretation of the structure of the energy-momentum tensor. It 
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splits into a local part (vacuum polarisation) containing all the divergences 
which have to be subtracted and a non-local piece due to particle creation. 

We have further shown that the subtraction of the divergent terms of the 
non-local large momentum expansion (|3.13|) (cf. the appendix) as suggested 
does not result in the correct renormalised energy-momentum tensor 


m 


12 


of a scalar field on a Robert son-Walker space because it fails to reproduce 
the trace anomaly. Nevertheless, this expansion can be useful in practical 
calculations of the energy-momentum tensor as the difference be¬ 

tween the divergent terms ( p.l3|) and the adiabatic subtractions has been 
calculated explicitly ( p.lTI) . Only the remaining part needs to be calculated 
numerically. 


Appendix 


In this appendix we wish to derive an asymptotic expansion of the conformal- 
like mode functions gk in inverse powers of OfcO) he. for large momentum. 
The Volterra-type integral equation ( |3.10|) (which holds for sufficiently large 
k) serves us as the starting point. The iteration procedure 




iv) = 


20 


kO 


dr]'Kk{r],r]') \l + g'j^\T]') 


’VO 


(A.l) 


with gf\g) = 0 converges uniformly on the time interval [r], r^o] (for fixed k). 
According to (|3.10|) the kernel is given by 


KM) = 


^2inko{v-v') 


AO"(V). 


(A.2) 


As a result of the iteration, the solution gkiv) has the series representation 


hiv) = 


n=l 


20 


kO 


^ rv rVn-i 

/ dgiKk{g,r]i) ■ ■ ■ dr]nKk{gn-i,Vn) ■ 

drio dr]o (A.3) 


The estimate 

|^fc(?/)| < exp d?7'|A02(r/')|| - 1 (A.4) 


shows that gk{v) remains bounded and goes to zero as fc —>■ cx). An asymptotic 
expansion of gkiv) in inverse powers of O^q can now be achieved by expanding 
each addend of the series ( |A-3|) - For this purpose we provide repeatedly 
integration by parts (AO^, i.e. R{ri) is assumed to be smooth) to the most 
inner integral of the nth addend and find 


rvn-i 


dTjnRki^gn—ly gn) 


rVn-l 


dgnA^V.’^iVn) 


'VO 


'Vo 


(A.5) 
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m=0 


—t 


2n 


kO 


m+1 




As all subsequent integrations have the same structure, they are treated 
likewise. The result is an asymptotic series for the nth addend of ( |A.3| ) with 
leading term 


crj \ n 

J A 0 ) 2 /.^/ 




n! y 212^0 

Consequently, all terms contributing to Qkij}) up to order are contained 
in the first n addends of (|A.3|). If n = 4 we hnd, for example. 


'^9 kid) = 




AQ^ + -J2 
2 ^ 


+ 


Af2g'sin2f2fco(h - Vo) 


^^kO 


A^f" - Aflf cos2f2fco(h - Vo) + An'^'h + | (Aff^)' 


^Q^to L 
+Ar2Q Ii cos2r2fco(^ ~ Vo) + 




^hiv) = 


2Vtko 

^2 


^ /i+ ^ 




Ahl^^ — Ahlg^ cos 2VLkoiv ~ Vo) 


+Ar 2 ^/i + J2 + ^-^1 


1612^0 


Af2o"sin212fco(h - Vo) 


-AQqIi sin 2Qko{v - Vo) + 0{Qj ), 
where the abbreviation 

im= rdv'[^^\v')r 


(A.6) 


has been used. Note that (|A.6|) already contains all terms contributing to 
the divergences of the trace ( |3.13|) . 
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